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Abstract
It is shown that certain extremal and next-to-extremal n-point correlators in four-dimensional
N = 2 superconformal field theories are free. These results hold for any gauge group.
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1 Introduction
In the harmonic superspace approach to the study of correlation functions of gauge-invariant
operators in four-dimensional superconformal field theories (with N = 2 orN = 4), the operators
that can be investigated most easily are either products of hypermultiplets (N = 2) or products
of the N = 4 field strength superfieldW . It was originally conjectured in [1] that the constraints
of analyticity in the internal space (H-analyticity), generalised chirality (G-analyticity) and
superconformal symmetry might be strong enough to determine correlation functions of such
operators, at least for sufficiently low charges (the charge being proportional to the number of
fields in the product). Although this has turned out not to be the case for generic values of the
charges (see [2] for a detailed discussion of N = 2 four-point functions in this approach), it is
true for certain special values of the charges.
Correlation functions for these special values of the charges, called extremal correlators, were
discussed in AdS supergravity in [3] and [4], and the results found there, namely that these
correlators are products of free propagators, were verified at one-loop order in perturbative field
theory in [5] and later to all orders, for four points, using harmonic superspace methods [6]. It
was further shown in [6] that these simple results also hold for certain “next-to-extremal” values
of the charges, and this has subsequently been confirmed by an AdS calculation [7]. Related
works investigate the existence of other non-renormalised SCFT correlators [8] and the special
structure of “near-extremal” correlation functions, where quantum corrections do occur [9].
In this article we extend the results of [6] to n points for both extremal and next-to-extremal
correlators. These results hold for arbitrary N = 2 superconformal gauge theories.
In [6] we began by studying four-point correlators directly using the ideas mentioned in the first
paragraph above, namely H-analyticity, G-analyticity and superconformal symmetry. However,
it is in fact quicker to employ the reduction formula first discussed in the SCFT context in [10].
This formula relates the derivative of an n-point correlator with respect to the coupling to an
(n+1)-point correlator with one integrated insertion of the on-shell action; it was used in [11] to
give a proof of the non-renormalisation theorem for two- and three-point functions for arbitrary
operators corresponding to Kaluza-Klein multiplets in AdS in N = 4 SYM theory. Strictly
speaking, this proof, and indeed the discussions in [6] and in the current paper on extremal
correlators, depends on the assumption that no contact terms need to be taken into account
in the integrated insertion despite the fact that there is an integration which could involve
coincident points. In principle rather special terms of this type could affect the derivation of
these results. Some contact terms have been observed in perturbation theory [12, 13, 14], but
these were of a type that do not affect the results we are interested in establishing. A search
using superconformal symmetry failed to find any dangerous ones [15] and there is no evidence
that they exist from perturbation theory calculations [2, 16]. There is thus no indication so far
that contact terms will affect the validity of the non-renormalisation theorems, despite fears to
the contrary [14].
In N = 2 SYM theory the reduction formula, when applied to a correlation function of n
hypermultiplet composites, relates its derivative with respect to the coupling to an (n+1)-point
correlator with an insertion of the chiral operator tr(W )2, where W is the N = 2 field strength
superfield. The idea is then to show that this mixed (n + 1)-point function vanishes when the
charges of the original correlator are either extremal, which means that the charge of the first
operator is equal to the sum of all of the others, or next-to-extremal, in which case the charge
of the first operator equals the sum of all the others minus two. From this we conclude that the
1
derivative of the n-point correlator with respect to the coupling vanishes, and so there can be
no corrections to the lowest-order free-field expression. For the extremal case this expression is
unique while there are several possibilities for the next-to-extremal case.
We shall begin with a discussion of N = 2 theories in the harmonic superspace formalism of
GIKOS [17, 18]. This is followed by a discussion of the same topic in coordinate form, using the
formalism of [19].
2 Extremal and next-to-extremal n-point correlators in N = 2
harmonic superspace
We shall be interested in gauge-invariant operators constructed from the hypermultiplets of the
theory and the Yang-Mills field strength multiplet. Each hypermultiplet has charge 1 under the
U(1) isotropy group of SU(2) which defines the sphere which is adjoined to ordinary superspace
to form harmonic superspace. The hypermultiplet composites are analytic with respect to the
sphere (H-analytic) and with respect to half of the spinorial covariant derivatives of superspace
(G-analytic). We shall denote an n-point function of such operators by < p1 . . . pn >. The
Yang-Mills field strength superfieldW is chiral and we shall use only the operator tr(W )2 which
occurs in the Yang-Mills part of the action. We shall denote an (n + 1)-point function with n
hypermultiplets and one insertion of tr(W )2 by < 0p1 . . . pn >. In the extremal case the charges
satisfy p1 = p2+ p3+ . . . pn, while in the next-to-extremal case we have p1 = p2+ p3+ . . . pn− 2.
The reduction formula (see [6] for a derivation in N = 2 superspace) states that
∂
∂τ
< p1 . . . pn >∼
∫
d4x0 d
4θ0 < 0p1 . . . pn > (1)
where (x0, θ0) are the coordinates at the chiral point and τ is the usual complex Yang-Mills
coupling constant. The points on the LHS are taken to be non-coincident and, as we remarked
in the introduction, it is assumed that there are no contact contributions to the integral on the
RHS.
The function < 0p1 . . . pn > is chiral at point 0 and G-analytic at points 1, . . . , n, it has the
corresponding superconformal properties and carries positive charges p1, p2, . . . , pn at points
1, 2, . . . , n; it is also H-analytic,
D++r 〈0p1p2 . . . pn〉 = 0 , r = 1, . . . , n if point 0 6= . . . 6= point n . (2)
In addition, it has the R-weight of 4 left-handed θ’s, as required by the chiral superspace integral
at point 0 in the reduction formula.
We shall prove the following result:
A sufficient condition for the vanishing of < 0p1 . . . pn > is
p1 > p2 + . . .+ pn − 4 . (3)
This means that the extremal and next-to-extremal correlators are ruled out. Note that we shall
not attempt to find out the most general conditions for the vanishing of < 0p1 . . . pn >. This
would require a detailed study of the structure of the nilpotent covariants which is difficult to
carry out; it is not clear that this would lead to any new results of a similar kind.
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To prove this, consider first the leading term in < 0p1 . . . pn >. To construct it we need a set
of odd variables which are invariant under Q supersymmetry and under the shift-like part of S
supersymmetry [15]. Q supersymmetry obviously suggests to use the combinations
θα0r = θ
iα
0 u
+
ri − θ
+α
r , δQθ
α
0r = 0 , r = 1, . . . , n . (4)
Then we can form the following two cyclic combinations of three θα0r:
(ξ12r)α˙ = (12)ρrα˙ + (2r)ρ1α˙ + (r1)ρ2α˙ , r = 3, 4, . . . , n (5)
where
ρrα˙ = x
−2
0r (x0rθ0r)α˙ (6)
and x0r ≡ xL0 − xAr are translation-invariant and (rs) ≡ u
+i
r u
+
si are SU(2)-invariant combina-
tions of the space-time and harmonic coordinates, correspondingly. It is now easy to check that
ξ12r are completely shift-invariant, i.e.,
δQ+Sξ12r = O(θ
2) . (7)
Here one makes use of the harmonic cyclic identity
(rs)ti + (st)ri + (tr)si = 0 . (8)
Note the choice we have made: point 1 which carries the highest charge according to (3) is one
of the two common points in the set of independent variables (5).
Now, taking into account the required R-weight of the correlator < 0p1 . . . pn >, we can write
down its leading term in the following form:
〈0p1 . . . pn〉 =
n∑
a,b,c,d=3
ξ12aξ12bξ12cξ12dF
p1−4|p2−4|...pa−1...pb−1...pc−1...pd−1...|pn
abcd (x, u) +O(θ
5θ¯) (9)
where the Lorentz indices have been suppressed. The coefficient function F depends on the
space-time and harmonic variables and carries U(1) charges to match those of the correlator and
of the nilpotent prefactor. We want to study the consequences of the H-analyticity condition
(2). It turns out that in order to prove (3) it will be sufficient to look at the terms not containing
θ0, θ
+
1
and θ+
2
. In this case the variables (5) become very simple:
ξ12a ∼ (12)θ
+
a (10)
(the space-time factor is of no importance). Consequently, eq. (9) is reduced to
〈0p1 . . . pn〉 ∼
n∑
a,b,c,d=3
θ+a θ
+
b θ
+
c θ
+
d f
p1|p2|...pa−1...pb−1...pc−1...pd−1...|pn
abcd (11)
where
fabcd ≡ (12)
4Fabcd . (12)
Note that each of the coefficients fabcd is associated to a single and unique nilpotent structure
θ+a θ
+
b θ
+
c θ
+
d . This means that we have to impose the H-analyticity condition (2) on each of the
fabcd’s independently. We recall that H-analyticity for a harmonic function of positive charge
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simply means that it is a polynomial in the harmonics of degree equal to the charge. Our
functions (12) have to be SU(2) invariant polynomials in the n sets of harmonics. Then it
becomes clear that, taking into account the restriction (3) on the charges, it is not possible
to match p1 copies of u
+
1i with the remaining harmonics u
+ at points 2, 3, . . . , n, so all the
coefficients must vanish.
We now turn to nilpotent invariants of subleading order, i.e. those involving θ¯+’s in their
expansion. The simplest one of them has 5 θ’s and one θ¯. In the left-handed sector we can
still use the Q− and S−supersymmetry shift-invariant variables ξ12a. In principle, in the right-
handed sector we should employ the analogous shift-invariant variables made out of four θ¯+’s (see
[11]). However, they are very complicated and have a rather non-trivial harmonic dependence.
Fortunately, we do not need them in the present context. It is sufficient to use variables which
are only Q supersymmetric:
θ¯12a = (12)θ¯a + (2a)θ¯1 + (a1)θ¯2 . (13)
This means that the term of order 5+ 1 will contain more coefficients compared to the true Q−
and S−covariant one, but our condition (3) turns out sufficient to eliminate all of them. Indeed,
the general form of such a term is
n∑
a,...,f=3
ξ12aξ12bξ12cξ12dξ12eθ¯12fF
p1−6|p2−6|...pa−1...pf−1...|pn
abcdef . (14)
Once more, we are only interested in terms not containing θ0, θ
+
1
and θ+
2
, so (14) can be reduced
to
n∑
a,...,f=3
θ+a . . . θ
+
e θ¯
+
f f
p1|p2|...pa−1...pf−1...|pn
abcdef (15)
where
fabcdef ≡ (12)
6Fabcdef . (16)
It then becomes clear that the following restriction on the charges:
p1 > p2 + . . .+ pn − 6 (17)
will be sufficient to kill all such coefficients. In fact, this condition clearly follows from the
extremal or next-to-extremal constraints on the charges, so that the result holds to this order.
The generalisation to higher-order nilpotents is obvious and so the result is established.
3 The coordinate approach
The above result can also be derived in the coordinate formalism, as we shall now sketch. We
are interested in the correlator
G =< 0p1 . . . pn > (18)
where we have one insertion of the chiral operator tr(W 2) at point 0 and n hypermultiplets of
with charges pr at the other n points, 1, . . . n. The Ward identity reads
4
(
(V0 + 2∆0) +
∑
r
(Vr + pr∆r)
)
G = 0 (19)
where V0 and Vr are the superconformal Killing vectors in chiral superspace and analytic su-
perspace respectively and ∆0 and ∆r are the corresponding weight functions. These Ward
Identities have been written out in detail elsewhere and we refer the reader to the literature for
the details [1]. In the present context we shall only need to use supersymmetries, dilations, R-
symmetry and internal (SL(2)) transformations (for simplicity, we work in complex spacetime).
The main difference with the harmonic formalism is that the internal transformations now ap-
pear as (holomorphic) conformal transformations of CP 1. Thus we have internal translations,
dilations and “conformal boosts”. The internal dilations correspond to the U(1) transformations
in the harmonic formalism.
Initially, the space on which we are working has coordinates (xαα˙0 , θ
α1
0 ≡ θ
α, θα20 ≡ ϕ
α) and
(xαα˙r , λ
α
r , π
α˙
r , yr) where x0 and xr are chiral and analytic x’s respectively and the yr’s are local
coordinates on the n copies of CP 1.
For translations, internal translations and Q-supersymmetries the weight functions vanish. These
transformations are
δxαα˙0 = B
αα˙ − ǫ¯α˙1 θ
α − ǫ¯α˙2ϕ
α
δxαα˙r = B
αα˙ − ǫα1πα˙r − ǫ¯
α˙
2λ
α
r
δyr = B
δθα = ǫα1 (20)
δϕα = ǫα2 +Bθα
δλαr = ǫ
α2 − ǫα1yr
δπα˙r = ǫ¯
α˙
1 + ǫ¯
α˙
2 yr
where the ǫ parameters are the supersymmetry parameters and the B’s are the translational
parameters. It is easy to solve the Ward identities for these transformations to eliminate four
spinorial coordinates, one x and one y. Doing this, one finds that G can be taken to be a function
of the following variables: (xαα˙0r , ζ
α
r , π
α˙
12r, y1r). Here, we use yrs = yr − ys and similarly for other
coordinate differences, although the x difference variables require a nilpotent correction. Thus
we have
xαα˙0r = x
αα˙
0 − x
αα˙
r − θ
απα˙r +
1
(n − 1)
∑
s,s 6=r
ζαr π
α˙
rs
yrs
ζαr = yrθ
α + λαr − ϕ
α (21)
π12r = y12π
α˙
r + yr1π
α˙
2 + y2rπ
α˙
1
y1r = y1 − yr
Note that we have n x’s and undotted spinor coordinates, (n − 2) dotted spinor coordinates
and (n − 1) y coordinates left. We should remark that the choice of correction terms for the x
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difference variables is not unique but this is not an issue which will be relevant for the ensuing
discussion. The weights of these coordinates under (dilations, internal dilations, R) are as follows
x : (1, 0, 0)
y : (0, 1, 0) (22)
ζ : (
1
2
,
3
2
, 1)
π : (
1
2
,
3
2
,−1)
For R symmetry ∆0 = −2R, so that G has R-weight four. Schematically it must depend on the
odd variables in the following way
G ∼ ζ4(1 + power series in (ζπ)) (23)
The idea is then to carry out the analysis order by order in odd variables. Since we shall only
proceed to the second order when the first order vanishes this means that we can ignore the
correction terms in x0r and that we can simplify the remaining S-supersymmetry transforma-
tions considerably. The only non-trivial simplified S-supersymmetry transformation with dotted
parameters is
δζαr = (−η¯
2
β˙
+ yrη¯
1
β˙
)xαβ˙or (24)
It is easy to find variables invariant under these transformations since they are essentially trans-
lations. These invariant variables are
ξα˙12r = y12(x
−1
0r )α˙αζ
α
r + yr1(x
−1
02
)α˙αζ
α
2 + y2r(x
−1
01
)α˙αζ
α
1 (25)
The ξ’s have weights (−1/2, 3/2, 1). Note that, in this approximation, all the other coordinates
are invariant, so we may now work with the set (x0r, ξ12r, π12r, y1r). The leading term in G, G0,
say, can be written as
G0 =
∑
abcd
ξ12aξ12bξ12cξ12dF
abcd(x, y) (26)
where the Lorentz indices have been suppressed. To complete the analysis we need only consider
the remaining internal symmetry transformations; we can forget about x altogether. Internal
dilational symmetry implies that F has weight (
∑n
r=1 pr)− 12. (The chiral function ∆0 = 0 for
this while ∆r = −1/2). The internal “conformal boosts” act in the following way
δyrs = C(yr + ys)yrs
δξ12r = C(y1 + y2 + yr)ξ12r (27)
δπ12r = C(y1 + y2 + yr)π12r
where C is the parameter. If we define an operator D by
6
D =
∑(δy
C
∂
∂y
+
δξ
C
∂
∂ξ
+
δπ
C
∂
∂π
)
(28)
where the sum is over these coordinates with the variations given in the previous equation, then
the corresponding Ward identity implies that
DG = (
n∑
r=1
pryr)G (29)
since ∆0 = 0 and ∆r = Cyr, up to nilpotent terms arising from the variation of the x’s. The
same equation holds (exactly) for G0. It makes it clear that we can identify the internal dilation
charges in the coordinate approach with the U(1) charges in the harmonic formalism.
From (29) we find
∑
abcd
ξabcd
(
DF abcd + (4y1 + 4y2 + ya + . . . yd)F
abcd
)
= (
n∑
r=1
pryr)
∑
abcd
ξabcdF
abcd (30)
where we have used the abbreviation ξabcd ≡ ξ12aξ12bξ12cξ12d. Now ξabcd includes the term
(y12)
4λaλbλcλd, and the only place such a term appears in the sum for given values of a, b, c, d
is as a term in the corresponding ξabcd. From this we conclude that, for all choices of a, b, c, d,
DF abcd = (
n∑
r=1
p′ryr)F
abcd (31)
where
p′r =
{ pr − 4, r = 1, 2
pr, r 6= 1, 2, a, b, c, d
pr − 1, r = a, b, c, d
(32)
In other words, any such F abcd is a conformal function with the above weights. Now G is
analytic in the internal coordinates. Analyticity of the term in G0 in which F
abcd is multiplied
by (y12)
4λaλbλcλd implies that F
abcd cannot have any singularities in yrs for r < s, s ≥ 3. It can
therefore be written as a sum of terms of the form
F abcd = (y12)
q2 . . . (y1n)
qnF˜ abcd (33)
where
∑n
r=2 qr = p1− 4 and where each F˜
abcd depends only on the coordinates yrs with 2 ≤ r <
s ≤ n. F˜ abcd has charges p˜r, where
p˜r =


0, r = 1
pr − 4− qr, r = 2
pr − qr, r 6= 1, 2, a, b, c, d
pr − qr − 1, r = a, b, c, d
(34)
By analyticity, F˜ abcd must be a homogeneous polynomial in yrs, 2 ≤ r < s ≤ n, and so p˜r ≥
0, r 6= 1. On summing these constraints we find
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p1 − 4 =
n∑
r=2
qr ≤
n∑
r=2
pr − 8 (35)
Hence there is no solution if p1 >
∑n
r=2 pr − 4, which covers the extremal and next-to-extremal
cases.
Given that the lowest order term vanishes, at the next order we can write
G1 =
∑
abcdef
ξ12aξ12bξ12cξ12dξ12eπ12fF
abcdef (36)
Now since π12r transforms in the same way as ξ12r under conformal boosts it follows that we can
repeat the above argument straightforwardly. The only difference is that the bound is stronger;
there is no solution if p1 >
∑n
r=2 pr − 6. Clearly the argument extends to all orders in this
manner.
Finally we remark that although the above results for N = 2 cover a wider class of theories than
N = 4 they are in another sense more restricted. This is because the N = 2 hypermultiplet
operators have maximum spin 1 while the single-trace analytic oper ators in N = 4 have maxi-
mum spin 2. It should in principle be possible to carry out a similar sort of analysis to the one
given here for N = 2 directly in N = 4 harmonic superspace, but it would be considerably more
complicated due to the fact that the internal symmetry group is significantly larger. On the
other hand it is not difficult to show that the leading terms of correlators of such operators are
completely determined, by group theory, from N = 2 hypermultiplet “component” correlators
in both the extremal and next-to-extremal cases. Thus the leading terms of these correlators
are trivial and it seems very likely that this result will extend to all orders in an expansion with
respect to the third and fourth spinorial coordinates.
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